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XUV Harmonic Enhancement by Magnetic Fields

Carl James Elliott and Mark Jude Schmitt

Loo Alamos National Lalmratory, X-1, Es31, Loo Alamoo, Ne~”,Mexico, USA, 87545

1. Introduction We examine three ways to enhance harmonic output [1,2] of an XUV pianar free-electron

luer (FEL) operating in the Compton regime [3]. The first method ia to increzwe the rmn static magnetic

field, making it an large as possible. The wcond ia by adding ●ffective magnetic fields at the harmonics,

thereby increasing the coupling to the harmonics. The third u by pha.ee programming; i.e. programming

the magnetic field to introduce jumps in the phaae of the electrons aa they move through phaae space.

The important concept in dealing with harrncnicn ia the eflective field. When the magnetic field is weak,

the effective field on the fundamental ia junt the amplitude of the actual magnetic field. But when the field

increues, the axial component of motion of an electron in the magnetic field begins to have a significant

variation from steady motion. This 6ret appeam in the form of a sinusoidal variation in the time versus

distance plot with a period that iE half a wiggler period. Thus, the motion of an electron that is sinusoidal

in s ia not mtrictly einusoidd in t, and higher (odd) harmonics me generated by this accelerating electron.

Anclyaie of the motion of the electron ohowo that when it interacts witL an electromagnetic wave, it behaves

an if the field on the fundamental were reduced, and thin reduced field we call the effective field. Likewise,

on the odd harmonics, even though there is no otatic field that would give rise to harmonics directly at

low magnetic field, the non-mteady s motion gene] ’atea fields u if there wore a finita 13ald, again wo call thi~

field, the effective field ●t the harmonic. It iI well known that ● sinusoidal magnetic field generates effactivc

fields at the harmonics that are obtained by multiplying the fundamental magnetic field amplitude by the

difference of two Deuel functions. Here we enhance these non-linear effective fields by tha addition of mmll

amoxnts of the harmonic fielde, to create new valuea of the effective field.

In addition to theme effective tlelde, we can alao enhance the humonic content by phase programming

the magndlc field. The demonstration of thb principle is thown in an example where we have ●chieved enrly

saturation on tha third humonic, wall before ~he fundamental haa saturated, In this cam, an innerkion of n
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x phaae shift to the third harmonic (x/3 to the f-” darnental) at its saturation peak causea the downward

turning curve to continue its upward course. In this example little effect occum to the fundamental.

A 1-D model of the harmonic generation process in sufficient to describe these processes. It allows for

both the concept of an effective field and ●xhibits the pham programming phenomena. Other work has

ohown how come two dimensional effecte can be incorporated into a 1-D model [4], and the ability makes

the applicability of this model even greater than it would fimt zppear. By a 1-D treatment, we assume that

the phMe fronts of the optical field Me flat and that they interact with an ele:tron beam whose electrons

have no variat;on in tranoveme properties. We further aaaume for the purposes of this paper that the filling

factor [5] in unity, i.e. each unit area of the electron beam radiates into a unit area of the optical beam. This

gives a simple model in which to study these eflects.

2. Mathematical DeocrlptIon

The wiggler containn a magnetic field B(Z)?. that ia periodic

B(z) = B(Z + 2m/kw).

This field gives rise 10 a static vector potential A(Z)?V where

B=vxi,

(1)

(2)

or

B(Z) = -A’(Z), (3j

Conservation of trancveme momentum equates the sum of the mechanical momentum m~vv and the field

momentum -aA (MKSA) to the tots] canonical momentum, PM,

where e la the magnitude of an electron

the electron velocity in the y direction,

take Pv = O. This gives

PM= m~vv - 9A, (4)

charge, m~ca b the total (relativistic) energy of :he electron, Uv in

and c k the speed of light, In ●ccordance with our 1-D model, wc

ca~
u“- —,

7

2
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where

aW = eA/mc. (6)

When thin electron in subjected to the 1-D electric field EYI?V,the total energy of the electron can change.

The rate of change of total energy of the electron in obtained by dotting the Loremtz force equation with C

dmca-y _ecs4M~
dt = 7 ““

(7)

This equation in averaged over a wiggler period where tile periodic variations in the phase 4 give rise to the

effective fields [1,2] in the usual way, and we obtain following that notation [1]

dl KI exp(iL#)
—=
dt

_cn~#l ~ ‘

where for simplicity we have taken & to be the scaled harmonic field component, i.e.

E“ = (mc2/e) ~ f, exp[il(k,Z - u,?):.

(8)

(9)

At high ~ these affective fields are given by a generalisation of the expression reported in [I],

Ki = 2 (a~ exp[-iw,Tc(Z, -I) - ilkWZ]) , (lo)

where Tc iI the periodic part of the time it tskec a particle to reach location Z. The angle brackets indicate

●n ●verage over one wiggler period, Here when a~ iI a we-k cosine field of ●mplitude ao, Ki is normalimd

to have KI = a., Now TO u givan in termn of T by

where v h the magnitude of the velocity, At

dT

‘=F%’
large 7 wduet WVia mall compar?d to u and W? obtain

_ -1+ lj7’-2a~(kwZ)
dz

I
v

and, by subtracting otl the linear put, we obtain

Tc.(Z) = T(Z) - (kW/%r)T(2~/kw)Z,

3

(11)

(12)

(13)



We are looking for an algorithm that ie simple computationally. Such an alogrithm can be generated by

using scaled variables. We transform to the dimensionleee variables

r=w, T, (14)

?== w.Te, (15)

and

(16)

(17)

(18)

In eq. (17) we have written the expression for < with the Fourier components al of aW. Using dimensionless

variable~ and integrating, eq. ( 12) becomes

r(z) = :-Z + 21~D(z), ( 19)

where

We can then compute

/

8
D(s) = aa(s)ds. (20)

o

rd(a):= r(z) - r(2x)z/(2m),

which when combined with eq, (19) gives

re(~) = 214[D(s) – D(2n)s/(2fi)].

Combining eq., (10) ●nd (13)-(22), we obtain

(21)

(22)

(23)

In order to uso the equationo in a computer coda, it ia convenient to have flexibility in the input. This in

ucompliehed by inputing a magnetic field protlln, whose absolute magnitude ia arbitrq, Thio mngnotic

fhdd, 4(z) integrate to the unccded vector potential so(s), The integrai Gf the oquaro of this latter quantity
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we refer to M Do(z), and it in the unscaled vemion of D(z). The root-mean squared average of aO is just

the square root of, the terminal value of Do divided by the terminal ordinate. We then have the following

qumtitiea

a:(z) = -b(z), (24)

D:(z) = a~(Z) (25),

a = 2T/Dc)(2x), (26)

a(z) = &aO(z),

and

D(z) = CIDO(Z).

With these expreseion~, we can integrate to get KI aa

This exprewion for

~ a meuure of the

In ●ddition to

/’”d*/~”K,(()= ; ~ aO(z)exp{-il[2afDO(8) + (1 - 2f)z]}.

(27)

(28)

(29)

KI depends only on the unnormalised profile tI(z) ddined from O to 2n, and the parameter

otreagth of the rms magnetic field.

the affective field Kf, it is SISOof intere~t LO introduce the coupling efficiency &l where

(30)

This detlnition for kl h normdiaed with unity modulus for weak sinusoidal m~gnatic fields.

8, The Enhancement Schemes

$,1, The rm~ Field

The first enhancement scheme iI to lncraue the rmt magnetic 6eld, The rme mafinetic field is B direct

m.asure of the { paramder de9ned in aq. ( 17), and vice verca, Thus, aa we incr~eza f we increnze the rmo

field and ● resulting chmge occurs to the effective field on the I’th harmonic that depando on the mngnctic

flald. In 6g ( 1) we chow the etTectlva tiled plottad sgalrmt { for ● pure sinusoidal field, Hare the coupl;,~g
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efficiency ia well known and k = IJ(I- l)iz) (If) - .l(t+l)la(lf) I for the l’th h~onic, and th~ combined with

eq. (3o) gives the effective field plotted in fig. ( 1). This graph illustrates that a good way to increaae the

effective field in to i.ncre~e the nns field or .$. There are, however, two caveats. The first ia that there are

phyoical limits w to how big f can be made because remanent fields of permanent magnetics are limited.

The second ia that aa ~ incrctwes, the resonant cordition changee. In particular, if we have a third harmonic

field at c = 0.25, it ia at a wavelength that is 2/3 rather than 1/3 of the ~ = O fundamental.

Dintortinq the Sinu~oido.1 Field

The second enhancement scheme in to add higher harmonic static magnetic fields. Another way of

looking at this approach is to consider general periodic magnetic fields, not restricted to pure sinusoids. A

special limiting case of em..,, and (30) M f + O b important in undmatancling the behavior of the

coupling coefficients. In this limit

(31)

and for ve~ small fields, a linear relationship exists between the magnetic field and the effective tield. 13q.(31)

ttates that the coupling efficiency of the I’th harmonic at nmall fields is just the W times the complex Fourier

transform of the i’~h component of the vector potential normalized to unity rms value.

ThiI small ~ formula it often useful. In particular, we have done ● calculation shown in fig.(2) where

the magnetic field ia the difference of two delta furwtion~, The first delta function waE placed at E = 7r/2

and the negative delta function at s = 91r/2. In the calculatil m, each delta function WM approximated by

a tophat distribution that was 6% of the 2X intervaL Here we eee that the coupling efficiency is nearly

independent of <. Note, however, the reduction horn unity of the fundamental c6upling coefficient at { = 0.

This reduction can be overcome by raising the overall rrm value of the field aa explained in fig.(l). IIowever,

if one mgardo the rms vector potentid generated by the harmonic u restricting the vector potentinl on the

fundamental, then this is, u we will discuw later, a dit%culty that one can regard au being M serious ma n

reflection coefllcient degraded by the coupling ethency of ihe fundarnentd,

Now we ohow a calculation in

the third harmonic t~y cormidering

6g. (3) of the coupling afliciency where we have raised the efficiency of

● mtglletic field where $ a sin(s) – 3 oin(3s). Note thnt in this cane
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there are important variations with ~. At ~ = O the two coupling terms sue equal aa we expect from the

Fourier transform rule applied to the vector potential. Remember, however, that the sum cf squares of the

coupling ●fficiencies add to unity at ( = O and, therefore, both coupling efficiencies are reduced to l/~.

Again we are faced with the question of whether we can raiae the rrrm magnetic field to compensate for this

●ffect. Alternately we can ask, Can we add an arbitrary amount of the third harmonic without decreasing

the fundamental? Even if we can, we are faced with the wavelength shift problem which depends on the rrm

field that is incre~ing an the third harmonic ie added.

We now come to the question of the constraints on the magnetic fields. Worn ●q.(8) we can see that a

lower effective static magnetic field on the fundamental, lowere the energy 100Sto the electrons and decreaaes

the gain. This decrease in gain could be made up by an iwreue in the reflection coefficients of the mtiors.

The obtaining of good reflection coefficients on mimom ie then seen to be of nearly equivalent importance

aa achieving a good eflective field on the fundamental. Thus, we do not want the coup!ing efficiency on

the fundamental to drop by something on the order of 10%, because achieving 10% more reflectivity on the

mirrors is a large chore. Of couree, if we can increrue the r-me magnetic field, we will do so. To enhance the

generation of higher harmonicti in thin study, we adopt the following criteria

and

In 6g,. (4)-(6) we show the variation of the coupling efficiency with the ration of the third to firet harmonic

vector potential and the fifth to first harmonic vocl,or potential. In these calculations, the effective field is

plotted and with aWI = 1.12 theme are ve~ neuly the COU;ding efficiencies aa defined above. The Iargeet

valuee of the effective field divided by thoce obtabe~ from a pure tiinu~oidal calculation (aWS = aWB= O) are

tabulated ‘Slow
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Harmonic Field Power

3rd 1.3 1.6

Sth 1.8 3.2

7th 3.7 14.

19th 62. 4X103

In the cue of the 19th harmonic, where we have very large enhancements over the sinusoidal c-e, we

are particularly concerned about the effect of non-uniform magnetic fields and the alignment of those fields.

These phae errom will set a limit to the highest harmonic that can be usefully obtained by these techniques,

and the nineteenth harmonic may be precluded therby.

One important feature of thene curves ia the interaction between the 3rd and 5~h harmonic fields on the

7th and 19th harmonic pl,>ts, 6g. (5) and (6). The fields are otrongly interacting with each other. On the

19th harmonic, a stronger coupling ●fficiency may be obtained by simply adding a 19th harmonic component

to the magnetic field, but these plots show that such meaaures may not be neceesg. Indeed, it may turn

out to be euier to manufacture the lower h=monics than the higher.

8.S. Phme Progmmming

The third wmy to obtain higher harmonic output ia by phase programming. By phaae programming we

mean altering the uniformity of the wiggler co aa to introduce local jumps in the electron phaae. In principle,

these jumps could be continuous, M would occur for a t~pered wiggler, for instance, Here we consider the

effect of one Ouch jump to illustrate that benefits exist from phcue programming. FYom eq. (8) we see that the

●m-age energy ofs group of electrons, <7>, depends on the product of < ~p(ii#)/7 > and &. U < q >

h dropping due to &, it folks that s jump of r in the phase 1# will cause that part of < 7 > to increme.

Thb phua jump u just x/1, and aa 1 gets large, the effect on the fundamental diminishes, Here we report

● calculation having ● high intensity that show- the promise of thin technique. The calculation waa done at

k. D=0.76, and in the unite reported in [1]; the dimentionlesa density waa 3.12 x 10-O; the dimensionless
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fieid was 2.52 x 10-4; the Lorents factor, ~, was 41.6; and an energy spread of 2.2% waa used. In 6g. (7) we

show the final phaee apace of the electrons in the case run without the ph~e jump. In fig.(8) we see the

magnitude of the fundarnentaf field plotted as a function of time through the wiggler in dimensionless units.

The fundamental haa just reached its peak value. In fig.(9), we see the third harmonic hae reached its peak

and is being absorbed in the last half of the wiggler. When we introduce the phaae shift of m/3 we see in

fig. (10) that the fundamental is altered only slightly. The third harmonic, in fig. (11), however, no longer is

abaorbed and it continueo to rine to a value slightly under a factor of two of its previouc value. This increaae

cormmponde to a factor of four in power.

40 Conclusion

We have shown that there are three techiques that can be used to ●nhance the power on X-IJV harmonics.

The ti.rat of these b to increase the rms magnetic field to as lauge a value aa possible. The second, is to

introduce distortions to the pure sinusoidal magnetic field, thereby enhancing the coupling coefficients for

the harmonics. The enhancement process in non-linear and we have shown that addition of third and fifth

harmonics produce oubstantid coupling to the nineteenth harmonic. Enhancements at aW, = 1.12 range

from 1.6 to 4000. The enhancement on the nineteenth harmonic, however, may not all be realized because

of phase emom. The third ●nhancement scheme is phaae programming, and the caae shown suggests that

factors of four in power may be acheived on the third harmonic. By a combination of the three techniques,

we expect order of magnitude enhancements of the harmonics.

This work was performed under the auopices of the U.S. Dept. of Energy, supported in part by the

Advanced Energy Projects Div. of the OfEce of Basic Sciences.
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Figure Captions

1 . Magnitudea of effective fields for the lst, 3rd, 5th,... 13th harmonic, highest to lowest, respectively for

a pure sinusoidal magnetic field.

2 . Magnitude of coupling efficiencies for the 1st, 3rd, . ..13th harmcnic with a positive delt afunct ion mag-

netic field at z = x/2 and a negative deltafunction at z = 3%/2. T) .ese deltafunction~ are approximated

by flat-topped distributions that are each w/10 wide. As before, the lower the harmonic, the higher the

efficiency.

3 . Magnitude of coupling efhciencies for the let, 3rd,... 13th harmonic with b = sin(z) – 3 sin(3z]. The

curve markem are as before.

4 . Effective field for the 6fth harmonic with aW~ = 1.12, aa a function of the harmonic ratios aW3/aW1

and aWG/%l. When these harmonic ratios are sero, K5 = 0.0898.

5 . Effective field for the seventh harmonic. When the harmonic ratios =e s&o, K7 = 0.0378.

6 . Effective field ior the 19th harmonic. When the harmonic ratios are M o, Klg = 0.00037.

7 . Phaae space plot without the phaoe jump.

8 . Fundamental field magnitude versus time through the wiggler when no pbaae jump b introduced.

9 . Third harmonic field magnitude vereus tiem through wiggler when no phase jump is introduced.

1 0. Same as 6g. (8) but with the phwe jump. Little alteration occum on this fundamental.

1 1. Same M 6g. (9) but with the phac jump. Here the field magnitude alm~t doublee.
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